Smectic-A liquid crystals are layered anisotropic materials with anisotropic dielectric features. In this paper we propose a non-linear model describing the static finite deformations induced in a smectic-A by an electrostatic field. In the classical approach, the electric field is considered partially coupled with the mechanical system in the sense that it can induce layer distortions, but it is not affected by these distortions. In our model, the momentum balance equation is fully coupled with Maxwell's electrostatic equations. We study the phase transition induced by an electric field for a simple planar cell of smectic-A in two undistorted configurations: a homeotropic texture and a bookshelf geometry, both with strong anchoring boundary conditions.
Introduction
Smectic-A liquid crystals are characterized by a layered structure; the molecules organize themselves into layers called the lamellae. The average alignment is represented by a unit vector n, called the director, which is locally perpendicular to the layers. Smectic-A liquid crystals can be considered as 1D crystals in the direction perpendicular to the layers. Thus, they exhibit some of the essential properties of both solids and fluids because they possess microstructures of both types: material (the lamellae) and local (the director field).
The aim of this paper is a continuum theory for smectic-A liquid crystals in an electrostatic field. It can be viewed as the analogue for smectic-A of the model for nematics proposed by Deuling (1972) and recently further developed by Self et al. (2002) . Different authors (de Gennes, 1969; Capriz, 1996; Capriz & Napoli, 2001; Weinan, 1997) have proposed models of smectic-A liquid crystals in the continuum scheme. A general survey of the mathematical modelling of smectics can be found in de Gennes & Prost (1993) . For what concerns the electric field interaction, so far (de Gennes & Prost, 1993; Stewart, 1998) , only electric field effects on layer distortions were taken into account. In the presence of an electric field the liquid crystal tends to align its molecules parallel or orthogonal to the direction of the field, depending on the dielectric properties of the molecules. In smectic-A systems, rotation of the molecules implies layers distortion. With respect to the classical approach, we also take into account the effects of this distortion on the electric field, allowing it to be modified by that distortion.
In our model, the smectic is considered as a perfect insulator. The non-linear theory for classical dielectric continua subjected to electrostatic fields was developed first by Toupin (1956) . The presence of the electric field is reflected by additional terms in the equations of balance of momentum, moment of 35 momentum and energy. Moreover, additional balance equations for the electric field are required: these are Maxwell's equations for an electrostatic field (Jackson, 1975) .
From the mechanical point of view, liquid crystals are continua with microstructure (Capriz, 1989) . In addition to the equations of balance of momentum, moment of momentum and Maxwell's equations, an additional equation expressing balance of micromomentum must be satisfied. However, due to the presence of internal constraints, the microstructure becomes latent (Capriz, 1989) : the balance equation of micromomentum is absorbed in Cauchy's balance equation; thus, only an indirect trace of microstructure remains.
The balance equations are supported by several constitutive hypotheses. The director field can be distorted and the layers can be expanded or compressed paying in energy. With these hypotheses and the internal constraint due to condition of orthogonality of molecules to the lamellae, the elastic response of the smectic layers arises. The interaction of the director with an electric field, according to de Gennes & Prost (1993) , is ruled by an 'alignment' principle depending on the dielectric characteristics of the smectic. Furthermore, the smectic layers are supposed to be inextensible since smectics can be viewed as bi-dimensional liquids.
In practice, it is possible to fix the molecules of liquid crystals at the boundary. Delimiting surfaces can be treated in such a way that leads to a specific orientation of molecules at the boundary. The boundary condition where the molecules are orthogonal to the delimiting surfaces is called homeotropic; on the other hand, when the optical axes are forced to be parallel to the boundary, the condition is called planar.
We linearize the equilibrium equations to study phase transitions induced by electric field on a cell of smectic. At first, we consider a sample confined between two parallel infinite plates with strong homeotropic anchoring at the boundary. In an ideal experiment, the two plates can work as two electrodes of a capacitor. When a voltage difference is applied between the plates, it gives rise to the electric field. Due to negative values of the dielectric anisotropy, the molecules tend to arrange their axes in the plane orthogonal to the direction of the electric field. It is widely known that there is a critical voltage above which the electric forces exceed the elastic strength; then the smectic switches from the undistorted state to the distorted one. This phase transition in the classical theory is called Helfrich-Hurault transition (see pp. 361-369 of de Gennes & Prost, 1993) . Our contribution here is to correct the critical voltage of Helfrich-Hurault effect.
When we consider a similar situation for a cell of smectic with strong planar anchoring boundary condition and positive dielectric anisotropy, the molecules tend to arrange their axes parallel to the direction of the electric field. The bifurcation behaviour in this case is of the Freedericksz type (de Gennes & Prost, 1993; Virga, 1994) . In this case our results do not differ substantially from those already known.
Balance equations
We adopt here the following notation. Greek letters are used for scalars, lowercase and uppercase boldface letters for vectors, capital latin non-boldface letters for second-order tensors and blackboard bold capital latin for tensor of order greater than the second. When we adopt a notation with latin index, sum over all repeated indexes is understood.
The scalar, vector and tensor products of two vectors u and v are denoted by u · v, u × v and u ⊗ v, respectively. The composition AB of two second-order tensors A, B is the tensor with components C i j = A ih B hj . For the compositions of tensors of different orders, it is agreed that the lower order tensor is on the right and all its indexes are saturated.
The linear operators sym and skw when applied to a second-order tensor lead to its symmetric and antisymmetric parts, respectively. The operator tr extracts from a second-order tensor it's scalar trace. The exponent indicates transpositions, and − indicates the transpositions of the inverse. 
where x denotes the position in the space of a point on the surface Σ k . The layers may get compressed or expanded, modifying the internal energy. We focus our study on smectic-A liquid crystals, a class of smectics with the property that the direction of the rod-like molecules in each layer are orthogonal to the lamella. One may exploit a property, which stems on the quasi-solid behaviour of the smectics, that a reference placement exists where the surfaces Σ k (k N max ) are equidistant planes; for this placement,
where n * is a constant unit vector normal to the planes, λ * is the distance between two adjacent planes and x * denotes the position in the space of a point on the k-th undistorted smectic surface. For a given instant τ , since the surfaces are supposed to be entrained by the macroscopic motion, we have
then, using the inverse
More precisely, ω is defined only over a discrete set of values k; however, the cardinality of {k} is so great and the thickness of the lamellae so minute that, within the continuum scheme, we can take ω(x, τ, ·) as defined over a whole interval of real numbers, so that, at each instant τ , ∪ k Σ k fills the whole smectic cell under consideration whereas Σ k ∩ Σ k is empty when k = k.
All deformed states can be described through the displacement gradient pseudo-tensor F defined by
in fact for all distorted configurations, since molecular axes remain orthogonal to the deformed lamella, we have
which links the distorted director n with the undistorted layer normal n * . We now write the balance equations of smectics within the setting of the general multifield theory of continua with microstructure (Capriz, 1989) and the theory of dielectric continua (Toupin, 1956; Maugin, 1985) . In statics, in the absence of mechanical constraints and since the microstructural variable is a vector n (not necessarily a unit vector), Cauchy's stress T , director self-force z and microstress S satisfy the following balance equations of momentum, moment of momentum and micromomentum (see pp. 49-54 of Capriz, 1989) 
where f em is the electric body force and C em the electric torque. We suppose that all external mechanical actions are null. The liquid crystal is considered as a perfect insulator. Then the expressions of electric body force and torque are
which have been given by Toupin in the pioneer article Toupin (1956) ; here E is the electric field and P is the polarization per unit volume, which obey Gauss law (Jackson, 1975) :
The electric displacement D is given in Lorentz-Heaviside units (Jackson, 1975) . In the quasielectrostatic approximation we can set
where φ is the electrostatic potential.
Constraints
The presence of mechanical constraints allows us to reduce the degrees of freedom of the system. Following Capriz (1989) and Maugin (1985) , we write the virtual power of internal actions as
where L = ∇ẋ is the virtual macroscopic velocity gradient. In the presence of constraints, the quantities T , z and S split up into two components, one active and the other reactive:
The reactive components have the property that their virtual power vanishes for all allowed virtual rates:
In the smectic-A phase, the molecules are enforced to stay orthogonal to the lamellae. This internal constraint is expressed by the relation (5). Time differentiation of both sides of (5) leads to the kinetic constraintṅ
As we will see below, although new reactive forces are evoked, the balance equation of micromomentum involves them in an essential way. The Cauchy's equation (6) becomes the only 'pure' equation (i.e. not involving reactive components) and is sufficient, together with Maxwell's equations (10) and (11), to determine the equilibrium configurations. In order to simplify the notation, we introduce the third-order tensor B = −Q ⊗ n, where Q is the projector Q = I − n ⊗ n. Thus, (15) can be written aṡ
where, because of the inextensibility of the layers, L is subject to some restriction expressed by the formula (23) given below. By inserting (16) into (14), and observing that
Let us neglect for the moment the constraint of incompressibility (see pp. 600-601 of Truesdell & Toupin, 1960) in the balance equations. In this case, L may be chosen arbitrarily, and from (17) it follows that
If we consider that, by (19),
and that the first term in the right-hand side is null, we obtain, by inserting (20) in (18),
The divergence of the last term in (21) is null (in fact, it is both symmetric and antisymmetric in the indexes j and h). Thus, using the balance equations of micromomentum (8) and (13), (6) becomes
where a T , a z and a S are the active components of Cauchy's stress, director self-force and microstress, respectively.
The incompressibility conditions of the layers are expressed through the constraint
where Q = I − n ⊗ n ⊗ n ⊗ n is a fourth-order projector and I is the fourth-order identity tensor (in components: I i jhk = δ ih δ jk ). Hence, the incompressibility constraint (23) requires to add to a T the tensor −π Q:
where π is a Lagrange multiplier which represents the reactive pressure in the layer. The last equation and (10) are the only equations to be solved. The equation of moment of momentum (7), as remarked in Capriz (1989) , is automatically satisfied and it is valid when it is written for active components only.
Constitutive equations
In order to determine completely the electromechanical fields, the balance equations must be supplemented with suitable constitutive equations. In the fully conservative case, the rate of free energy density ρψ balances the density of internal power:
where ρ is the mass density. We assume a constitutive structure of the type
thus, taking into account (14), and by using (25) and (26), we obtain the expression of the active components of Cauchy's stress, director self-force, microstress and polarization:
We further assume that the potential ψ can be decomposed as the sum of three terms,
which represent, respectively, the nematic potential, the compression potential and the electric potential. For the nematic potential ψ n , we take the usual Frank free energy density (Virga, 1994) :
The elastic constants κ S , κ B and κ T (respectively, the splay, bend and twist moduli) are homogeneous and they are usually of the same order of magnitude. By using relation (5), we obtain that the twist term vanishes identically in our geometry. Now, let λ be the distance between two adjacent smectic surfaces. If x is a point of the k-th surface, then by (1) it satisfies the relation ω(x, τ, k) = 0; furthermore, x + λn will be a point of the (k + 1)-th surface and thus satisfies ω(x + λn, τ, k + 1) = 0. Since ω depends linearly on k (see (3)), we obtain
Thus, |∇ω| −1 measures the thickness of the layers in units of λ * . In particular, if |∇ω| > 1 we have a layer compression (with respect to the reference placement); whereas |∇ω| < 1 corresponds to layer dilatation. Hence, we take the compression-dilatation potential to be of the form
We remark that the quantity √ κ/γ has the dimension of a length, which turns out to be of the order of the interlayer distance (de Gennes & Prost, 1993) . Furthermore, as remarked in Weinan (1997) , we have
so that, the bending term becomes appreciable only in the case of director variations over length scales comparable with the interlayer distance. Consequently, we will neglect the bending term in the Frank energy.
As for the electrical potential, according to de Gennes & Prost (1993), we have
where ε a = ε − ε ⊥ measures the dielectric anisotropy. If ε a is positive, the molecules tend to align their axes with the electric field; if ε a is negative, they tend to align the axes orthogonal to the electric field. In summary, our potential function takes the form
Thus, by applying (27) and (28), we have:
By substitution of (36), (37) and (38) into (10) and (24), we obtain the equilibrium equations:
where the electric field E is given by (11) and T M = E ⊗ D − 1/2(E · D)I . By the kinematic condition (23), it follows that
which ensures the layers' inextensibility and allows us to find the reactive pressure in the layers.
Simple cell with strong homeotropic boundary conditions
Let us consider plane deformations of a sample of smectic in homeotropic texture confined between two parallel infinite plates. Let O(x, z) be a Cartesian coordinate system. We assume that strong homeotropic anchoring is enforced at the plates, placed at z = 0 and z = d. The plates can work as two electrodes of a capacitor; when a voltage difference V a is applied between the plates, it gives rise to an electric field E generated by the electric potential φ. If ε a is negative, the molecules tend to rotate their axes toward the plane orthogonal to the electric field. The homeotropic boundary conditions and the elastic behaviour resist the effect of the electric field. Hence, we expect to find a critical voltage V c where a bifurcation occurs between the undistorted and distorted solutions.
To bring in a dimensional form of the equilibrium equations, we define the scaled variables
and introduce the differential operators with respect to the coordinates ξ 1 and ξ 2 , denoted with the index ξ . So, (39), (40) and (41) become
where we have used the dimensionless quantities
Our problem is now restricted to the plane region −∞ < ξ 1 < ∞ and 0 ξ 2 1. We assume strong homeotropic anchoring at the plates
while the boundary conditions for the reduced electric potential ϕ are
The study, through a process of successive approximations, of the solutions of a problem within the theory of elasticity at a bifurcation point goes back to Euler; he investigated in this manner the buckling of a column under top load (for a revival of the matter as an example of Signorini incompatibility, see Capriz, 1957) . Within the linear approximation allowed by an eigenvalue requisite, an infinity of solutions exist: here, one with undistorted layers and a uniform electric field and a simple infinity of others with distorted layers and non-uniform electric field.
It is easy to check that the fields
satisfy the equilibrium (43)- (45) and the boundary conditions (47) and (48). This solution represents the state where the smectic is uniformly polarized but undistorted. Let us suppose that V c is the unknown critical voltage at which the bifurcation occurs. The undistorted solution is still of the form (49). Following the approach pursued in Capriz (1957) , we perturb V c by a small parameter in order to involve applied voltages larger than V c
So, 2 V c has the physical meaning of a small increase in the applied potential with respect to the critical value. This increment is a priori a controllable parameter. Now let us suppose that all unknown fields can be expressed in power series of as follows:
By using the relation (5), we obtain to the first order:
where
is the vector describing the displacement of the material element from the reference configuration. In order to simplify the notation, we introduce the following definitions
Since the zero-order terms of all unknown variables verify (43)- (45), we obtain the equilibrium equations for the first-order perturbations:
We remark that the integration of (57) gives the reactive pressure in the layer; furthermore, (60) is independent of the others. So (58) and (59) are the only ones which couple the deformations with the electrical potential.
Since the zero-order terms satisfy already the boundary requirements (47) and (48), we obtain for u, v homogeneous conditions
and
which derive from the boundary conditions (47) and (48), respectively. In the nematic literature, the case when ε a tends to 0 is usually named the magnetic approximation (Virga, 1994) . Then the Maxwell equation (59) can be solved with ε a = 0 and leads to a semi-coupled system: the electric field, which is uniform, induces distortions but not vice versa. It is easy to check that the transition occurs at the critical potential:
and the distortion of the smectic layers is of the form
where A is an indeterminate constant; it would be specified by restrictions imposed on higher order approximations (see Capriz, 1957 , for a discussion). The analogous result for infinite samples of cholesteric liquid crystals under the influence of homogeneous magnetic fields was first obtained by Helfrich (1970) and Hurault (1973) and the transition is known as the Helfrich-Hurault effect. The extension to infinite samples of smectic-A liquid crystals can be founded in de Gennes & Prost (1993) . The critical electric field V c /d scales with the inverse of √ d, rather than the inverse of d as in the Freedericksz transition in the nematics.
In the general case, we have to solve another eigenvalue problem. We look for solutions of the type
and we obtain, by imposing the conditions (61),
where l is a positive integer and X l and Ξ l satisfy the system of ordinary differential equations:
Let us look for solutions of the type
It is not easy to obtain explicit solutions of the system of equations (68) and (69) in general; however, we can give the solution of the system in the limit α 1. This limit means that the cell of smectic contains a great number of layers, a physical realistic hypothesis. Up to the first order in α, we obtain
Thus, compared with the classical case, the critical field depends on the ratio between ε ⊥ and ε and not only on their difference. This leads to a critical field greater than that obtained in the magnetic approximation.
We would like to note the nature of the small parameters α and ; the latter is a small parameter which concerns the boundary conditions on the applied voltage, while α is a geometrical parameter which measures the number of smectic layers in the sample.
Simple cell with strong planar anchoring boundary conditions
Let us now assume that the smectic liquid crystal fills a region confined between two parallel planes placed at a distance d and is subjected to strong planar boundary conditions on the plates. In the undistorted configuration, usually called the 'bookshelf' geometry, the director field is uniform and parallel to the plates. The application of a potential difference between the plates generates an electric field. If ε a > 0, the molecules tend to align their axes with the field. On the other hand, the boundary conditions and the elastic forces tend to maintain the undistorted configuration. As in the preceding case, we expect a critical voltage to exist which gives rise to the bifurcation of equilibrium solutions.
The equilibrium equations to solve are the same, but now we have the boundaries conditions
so the unperturbed but polarized state is given by
As in the previous case, we perturb the critical potential as in (50) and we expand the solution as in (51)-(52). In the same way, we keep at most linear terms in . We use the notation (56). If we suppose that all unknown fields depend on both ξ 1 and ξ 2 , and we look for explicit solutions by separating the variables, it is easy to show that all fields do not depend on ξ 1 . Hence, we can write the equations for the field perturbations assuming dependence only on ξ 2 :
Contrary to the case discussed in the previous paragraph, here the equation of momentum for the perturbation is not coupled with the Maxwell equation.
At the boundary we force the molecules to lie in the planes, supposed fixed and we impose strong anchoring boundary conditions. Mathematically, this implies
The solution of (75) 2 together with the boundary conditions (77) and (78), can be expressed as a Fourier series
and the critical potential, is given by
The coupling between the momentum balance equation and the Maxwell equations for the electric field implies that the critical field is exactly the same as that obtained in the magnetic approximation. Furthermore, as follows from (81), the critical electric field scales with the inverse of d as in Freedericksz transition for nematics. The electromechanical coupling occurs in terms of higher order, e.g. we give the expression of the second-order perturbation to the potential field
In the nematics Freedericksz transition, an analogous result has been obtained in Self et al. (2002) .
Concluding remarks
We have developed a non-linear model for static finite deformations of smectic-A layers induced by an electrostatic field. The model is deduced from the general theories of continua with microstructure and dielectric continua. We have taken into account the effects of the electric field on the layers distortion and vice versa. The non-linear equilibrium equations have been linearized in a neighbourhood of the undistorted state with a uniform electric field. These equations have been solved to study the phase transition induced by an electric field on a semi-infinite smectic cell. We have considered two undistorted configurations: (i) homeotropic texture with strong anchoring at the boundary and (ii) bookshelf geometry with strong planar anchoring boundary conditions. For the first configuration we have found, in the limit of the magnetic approximation, the classic Helfrich-Hurault effect. In the fully coupled case, we find a significant correction to the classical Helfrich-Hurault critical field. For the second configuration we have found that to the first order the momentum equation and the Maxwell equations are uncoupled.
Future developments may take several ways. A preliminarily one can study the solution of the system equations (68) and (69) in the general case. The system could be investigated by means of asymptotic methods or solved by numerical approach. From the point of view of the technical applications, it is 46 G. NAPOLI interesting to analyse the case of the small deformations for a finite cell of smectic. In this way, we can get an extension of the results obtained in the work of Stewart (1998) .
Furthermore, one can consider finite deformations in a semi-infinite cell of smectic. By analogy with the developments for nematics (Self et al., 2002) , different limits of phenomenological coefficients can be taken into account by using asymptotic methods. However, for large deformations the incompatibility with strong boundary conditions may lead to loss of the smectic order. In this case our model is insufficient and a new order parameter, the Landau-de Gennes order parameter (see e.g. Chapter 10 of de Gennes & Prost, 1993) , must be included in equilibrium equations.
